The relationships between quantum entangled states and braid matrices have been well studied in recent years. However, most of the results are based on qubits. In this paper, We investigate the applications of 2-qutrit entanglement in the braiding associated with Z3 parafermion. The 2-qutrit entangled state |Ψ(θ) , generated by acting the localized unitary solutionȒ(θ) of YBE on 2-qutrit natural basis, achieves its maximal 1-norm and maximal von Neumann entropy simultaneously at θ = π/3. Meanwhile, at θ = π/3, the solutions of YBE reduces braid matrices, which implies the role of 1-norm and entropy plays in determining real physical quantities. On the other hand, we give a new realization of 4-anyon topological basis by qutrit entangled states, then the 9 × 9 localized braid representation in 4-qutrit tensor product space (C 3 ) ⊗4 are reduced to Jones representation of braiding in the 4-anyon topological basis. Hence, we conclude that the entangled states are powerful tools in analysing the characteristics of braiding andȒ-matrix.
I. INTRODUCTION
Since Kauffman and Lomonaco pointed out the relations between quantum entanglement and topological entanglement [1, 2] , the 4 × 4 braid matrix and Yang-Baxter equation (YBE) have been widely applied to entanglement and quantum information from various aspects [3] . For example, the solution of YBE was used for describing 2-qubit entanglement [4, 5] and 3-qubit entanglement [6] , the entanglement was connected with Berry phase in Yang-Baxter system [5] [6] [7] [8] , quantum optical realization of YBE [9] , entanglement in describing quantum criticality of YBE chain model [10] and so on. On the contrary, sometimes the entanglement can also be employed in obtaining braiding out of Yang-Baxter equation(YBE). One of which is to detect the role of extremum of 1 -norm and von Neumann entropy of qubit entangled state in determining the 4 × 4 braid matrix from the parametrized R(θ)-matrix which satisfies Yang-Baxter equation [11] . In previous works, the relations between quantum entanglement and localized unitary representation of braiding as well asȒ-matrix have been well discussed. However, most of the results are limited in the qubit entanglement and 4 × 4 braid matrix. Recently, based on the new localized D 2 × D 2 representation of braid group associated with Z D parafermion [12] [13] [14] , the relations between qudit entanglement and braiding have been discussed [14] . Due to the potential applications of the Z D parafermionic type of topological quantum models in quantum computing and quantum information [21] , it is valuable to investigate further the relations between qudit entanglement and D 2 × D 2 braiding as well as YBE.
Now we briefly introduce some results about 4 × 4 YBE in quantum information. Different from the original 6-vertex and 8-vertex 4 × 4 localized unitary solutions of YBE originating * Electronic address: nkyulw@yahoo.com † Electronic address: geml@nankai.edu.cn from chain models, in N-qubit tensor product space (C 2 ) ⊗N , the new type of 4 × 4 localized solutionȒ-matrix associated with quantum information reads (I is 2 × 2 identity matrix) 1+tan θ1 tan θ3 , whereas the original 6-vertex solutions obey the Galilean type additivity u 2 = u 1 + u 3 . ActingȒ-matrix on 2-qubit natural basis {|00 , |01 , |10 , |11 }, where |00 = (1, 0, 0, 0)
T , one obtains four 2-qubit pure states. Without loss of generality, we choose one state |ψ(θ) = cos θ|00 − sin θ|11 .
Clearly, the parameter θ inȒ describes the entangled degree of |ψ(θ) . When θ = π/4, |ψ(θ) turns to be the maximal entangled state, meanwhile, theȒ-matrix becomes braid matrix associated with SU (2) 2 Chern-Simons theory,
i.e. the braid matrix describes the maximal entangled state. In comparison with braid B, the advantage ofȒ(θ) is that the θ describes any entangled degree of 2-qubit pure states. On the other hand, from the viewpoint of 1 -norm, the extremum of 1 -norm of |ψ(θ) exactly corresponds to the maximal entanglement as well as the braid matrix [11] . Hence, 1 -norm endows the real physical meaning forȒ(θ)-matrix: the braiding operation.
In this paper, we mainly focus on the role of 1 -norm and 2-qutrit entanglement playing in braiding representation associated with Z 3 parafermions, which are related to metaplectic anyon models in SO(3) 2 = SU (2) 4 Chern-Simons(CS) theory [13, 15] . Firstly, based on the Z 3 parafermion representation of Yang-Baxter equation, we investigate the application of 1 -norm and von Neumann entropy of the 2-qutrit state generated byȒ-matrix, and find that the extreme values of 1 -norm and von Neumann entropy correspond to the braiding. The result is the generalization of qubit case proposed in Ref. [11] . Secondly, inspired by the qubit representation of 4-anyon basis for SU (2) 2 CS associated with 4 × 4 braid matrix [11] , the two 4-anyon topological fusion basis in SO(3) 2 = SU (2) 4 CS are represented by 4-qutrit entangled states. Then the well known 9 × 9 localized unitary representation of braiding is reduced to the Jones representation of braiding for 4-strand topological basis.
The applications of 1 -norm in quantum physics have already been proposed in recent years, such as in quantum process tomography [16] , Yang-Baxter equation [11] and quantifying coherence [17] , et al. In the previous work [11] , the authors have shown the motivation of adopting 1 -norm in real physical model associated with SU (2) 2 CS. Here we give a brief introduction about it. Usually in quantum mechanics, a wave function |Φ can be expanded as |Φ = i α i |φ i , where |φ i is orthonormal basis. The normalization of |Φ reads
We call i |α i | 2 = ||α|| 2 as 2 -norm, which indicates the square integrability or the probability distribution of the wave function. Meanwhile, 1 -norm is defined as
The minimization of 1 -norm plays important roles in information theory such as Compressed Sensing theory [18, 19] , et al. Hence, it is worthy of investigating whether the extremization of 1 -norm can be used to determine some important physical quantities in quantum information or in quantum mechanics. In Ref. [11] , the extremum of 1 -norm has been well connected to 4 × 4 braid matrix, we now extend the results to 9 × 9 braid matrix. The paper is organized as follows. In Sec. II, we review the solutions of Yang-Baxter equation expressed by Z 3 parafermion. In Sec. III, the 1 -norm and von Neumann entropy of the entangled state |Ψ(θ) generated byȒ-matrix is discussed. In Sec. IV, the 9 × 9 braid matrix are reduced to 2 × 2 Jones representation of braiding under the 4-strand topological basis represented by 4-qutrit entangled states. In the last section, we make the conclusion and discussion.
II. REVIEW OF THE PARAFERMIONIC REPRESENTATION OF BRAID OPERATORS AND YBE
The metaplectic anyons have shown their universal topological quantum computation abilities under the braiding and measurement [15, 20] , hence it is valuable to study the characteristics of the type of anyons. In this section, we review the Z 3 parafermionic representation [12, 13, 21] of braid operators with quantum dimension d = √ 3, which is associated with metaplectic anyons in SO(3) 2 = SU (2) 4 topological quantum field theory. Based on the SU (3) matrix representation of parafermions in tensor product space (C 3 ) ⊗N , the localized 9 × 9 unitary representation for braid relation (also known as Yang-Baxter equation without parameter) can be obtained. Moreover, the rational Yang-Baxterization [22] of the corresponding braid operators are shown below.
We first introduce the Z 3 parafermion. As a natural generalization of Clifford algebra for Majorana fermion, the algebraic relation of Z 3 parafermion C i reads
Then the Temperley-Lieb(T-L) elements associated with braid relation are composed by nearest neighbor parafermions
which satisfies Temperley-Lieb algebra [23] for quantum dimension d = √ 3,
The braid operator is expressed as
and satisfies braid relation [24] 
By defining the concrete matrix representation of Z 3 parafermion in N-qutrit space (C 3 ) ⊗N through (I is 3 × 3 identity matrix) [22] 
where
one can obtain the braid matrix from three nearest parafermionic sites in 2-qutrit space (C 3 ) ⊗2 : 
Here we emphasize that the braid relation in Eq. (16) and YBE is expressed in terms of three nearest parafermions, which only occupy 2-qutrit space (C 3 ) ⊗2 totally. Under the rational Yang-Batxerization of braid matrix, the unitaryȒ-matrix satisfying YBE shown in Eq. (1) can be obtained [22] 
which reduces braid matrix at θ = π/3 and corresponds to the maximal von Neumann entropy of qutrit states we shall show below. Here we note that the YBE in Eq. (1) is independent of the concrete representation ofȒ(θ), but the relation of three parameters is related to theȒ. Under the solution shown in Eq. (17), the constraint from YBE leads to the condition for three parameters [22] tan θ 2 = tan θ 1 + tan
Different from the traditional parameter relation u 2 = u 1 + u 3 (Galilean type additivity) in Yang-Baxter equation in the usual chain models [25] [26] [27] , the new relation for three parameters in Eq. (18) obeys Lorentzian type additivity
.
III. 1-NORM AND VON NEUMANN ENTROPY IN YANG-BAXTER EQUATION
In this section, we shall show that the maximal 2-qutrit von Neumann entropy is determined by the braid matrix from parametrizedȒ(θ)-matrix, i.e. θ = π/3 for YBE. The braid matrix can also be obtained by extremization ofȒ-matrix.
We first obtain the reduced 3 × 3Ȓ-matrix as well as braid matrix from the original 9 × 9 ones. Under the 2-qutrit orthonormal basis {|1 , |2 , |3 } ⊗ {|1 , |2 , |3 }, where 
Under the unitary transformation U , 
Then it is not difficult to find that the twoȒ's are reducible and can be expressed as the direct sum of three 3 × 3 matrices in three 3-D subspaces, {|11 , |23 , |32 }, {|12 , |21 , |33 }, {|13 , |22 , |31 }, respectively. Indeed, the three subspaces can be categorized by the 2-qutrit "parity operator" defined as follows. Introducing the 2-qutrit "parity operator" P ,
It is easy to check that P = ω 2 in the subspace {|11 , |23 , |32 }, P = 1 in the subspace {|12 , |21 , |33 }, P = ω in the subspace {|13 , |22 , |31 }, andȒ-matrix commutes with the parity P ,
That is to say, theȒ operation(including braid operation) preserves the 2-qutrit parity P of the system. Taking one sub-space {|11 , |23 , |32 } as example, the reduced 3 × 3Ȓ-matrix reads
They satisfy YBE
with the same constraint as pointed in Eq. (18) tan
Now we introduce how to screen out the braid relation from YBE by extremizing 1 -norm and von Neumann entropy of the state generated byȒ-matrix . Acting A 23 (θ) on basis |11 , one obtains the state in the subspace {|11 , |23 , |32 }
Following the definition in Eq. (7), the 1 -norm of the state |Ψ(θ) is expressed as
On the other hand, the von Neumann entropy [28] , which reflects the quantum entangled degree of the two subsystems, reads
where ρ represents the partial trace of the density matrix of the system. In our case with the quantum state |Ψ(θ) , the von Neumann entropy is expressed by θ, as
The values of 1 -norm and von Neumann entropy S, as functions of parameter θ inȒ-matrix, are shown in Fig. 1 . From  Fig. 1 we conclude that the location of the extremum of 1 -norm and von Neumann entropy of |Ψ(θ) coincide each other exactly. Especially, the two quantities both achieve the maximal values at θ = π 3 , meanwhile theȒ(θ) turns to be braid matrix. The result is also applied to the qubit cases, which has been discussed in Ref. [11] . Hence we conclude that the extreme values of the two quantities ||Ψ|| 1 and S endow the real physical meaning forȒ-matrix. , at which value theȒ(θ) reduces braid matrix.
IV. QUTRIT REALIZATION OF 4-ANYON TOPOLOGICAL BASIS AND REDUCED 2 × 2Ȓ-MATRIX
In this section, we give an entangled 4-qutrit representation of 4-anyon topological basis. By acting the localized 9×9 unitary representation of T-L elements on the topological basis, we obtain the 2 × 2 representation of T-L algebra, which exactly corresponds to the the Jones representation of the braid groups obtained from diagrammatic topological fusion basis.
To start with, let us briefly review some basic knowledge about the graphic representation of braiding, Temperley-Lieb algebra and topological fusion basis [24, 29] .
Graphically, the T-L algebra reads
The braid operation in Eq. (11) can be decomposed into the combination of identity operator and T-L element under the Skein relation, graphically, as
where α = ie iπ 12 , and quantum
Chern-Simons(CS) theory, the dimension of Hilbert space for 4-anyon fusion states is two [20, 30] , with each anyon has topological charge 1. Under the Jones-Wenzl idempotent [31, 32] , the two orthonormal fusion basis can be expressed as cups
maximal entangled states, where both 1 -norm and von Neumann entropy achieve their maximal values. The second is reducing the localized 9 × 9 unitary representation of braiding relating to T-L elements in Eq. (36) into 2 × 2 Jones representation in 4-anyon basis. Under the representation, the behavior of localized braid matrix coincides well with the Jones representation of braiding, which can be obtained by braiding the fusion basis diagrammatically. In this sense, the qutrit representation does reflect the braiding properties. However, how to propose a well defined topological entanglement entropy for fusion basis, as proposed in Ref. [30] , by means of qutrit language is still in challenge. Hence, the result can only be regarded as a qutrit simulation of diagrammatic braiding operation for 4-strand system, where each strand corresponds to a sector with topological charge 1. Indeed, both of the above two results rely partly on the maximal entangled states(defined by von Neumann entropy). These are due to the parity preservation ( see Eq. (22)) of the braiding operation on the natural basis |ij . Concretely, for 2-qutrit pure states, the 9 × 9 Hilbert space can be classified into three 3 × 3 subspaces by eigenvalues of parity P . Taking one subspace {|11 , |23 , |32 } as example, where P = ω 2 , the superposed state |ψ = a 1 |11 + a 2 |23 + a 3 |32 achieves its maximal von Neumann entropy and 1 -norm simultaneously at equal distribution |a 1 | = |a 2 | = |a 3 | = 1/ √ 3. It not only reflects the role of parity P plays in generating entanglement in the 2-qutrit Hilbert space, but also guarantees the 1 -norm and von Neumann entropy achieves their maximal values simultaneously. Some of the results can also be extended to Z N >3 parafermion solution of YBE, but for N > 4, the rational Yang-BaxterizedȒ-matrix is not unitary.
In conclusion, we take Z 3 parafermion model as examples to show the important roles of the parity, 1 -norm and von Neumann entropy for 2-qutrit in determining the braiding behavior of Yang-Baxter equation. How to make connections between N-qudit entanglement and N-strand localized unitary D 2 × D 2 representation of braid group is still an open problem. On the other hand, extending the 4-qutrit realization of 4-anyon topological basis to n-anyon basis is also worthy of doing.
VI. ACKNOWLEDGEMENTS
This work is in part supported by NSF of China(Grants No. 11475088).
